He will always carry on 

Some things are lost, some things are found, 

They will keep on speaking his name 

Some things are changed, some still the sameQ 

To Alan Baker 



APPLICATIONS OF BAKER THEORY TO THE 
CONJECTURE OF LEOPOLDT 

PREDA MIHAILESCU 

Abstract. In this paper we give a short, elementary proof of the 
following too extreme cases of the Leopoldt conjecture: the case 
when K/Q is a solvable extension and the case when it is a totally 
real extension in which p splits completely. The first proof uses 
Baker theory, the second class field theory. The methods used 
here are a sharpening of the ones presented at the SANT meeting 
in Gottingen, 2008 and exposed in [6], [7]. 



1. Introduction 

Let K/Q be a finite galois extension and p be a rational prime. It 
was conjected by Leopoldt in [5] that the p - adic regulator of K does 
not vanish. Some equivalent statements are explained below. The 
conjecture was proved for abelian extensions in 1967 by Brumer [2], 
using a local version of Baker's linear forms in logarithms: the result 
is known as the Baker-Brumer theorem. A theorem proved by Ax 
in p] allows to relate the Leopoldt conjecture for abelian extensions 
to transcendency theory. In his paper, Ax mentions that he could 
expect his method to work also for non - abelian extensions. This was 
attempted by Emsalem and Kisilevski, who obtained in [3] results for 
some particular, non abelian extensions. 

The main result of this paper is 
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Theorem 1. Let K/Q be a galois extension and p an odd prime. The 
Leopoldt conjecture holds for K and p in the following cases: 

A The group Gal (K/Q) is solvable. 

B The extension K/Q is totally real and splits p completely. 

We state from [2] the central theorem on p - adic forms in logarithms, 
which we shall use here: 

Theorem 2 ( Baker and Brumer ). Let Q p be an algebraic closure 
°f Qp an d U C Q p be the units. Let a\, c*2, . . . ,a n be elements of U 
which are algebraic over Q and whose p - adic logarithms exist and are 
independent over Q. These logarithms are then independent over Q', 
the algebraic closure ofQ in Q p . 

2. Baker theory and Leopoldt's conjecture 

Let K/Q be an arbitrary galois field with group G, let p be a rational 
prime and P = {p C 0(K) : (p) C p) be the set of conjugate prime 
ideals above p in K. 

We shall prove in this section two important consequences of the 
Theorem El one for absolute and one for relative galois extensions. 

The algebra .ft(K) = K ®<q Q p is the product of all completions of K 
at the places in P: 

K p = 11 K p . 

The global field K is dense in K p in the product topology and G acts 
on this completion faithfully, so for any x G K p ,x = lim n x n ,x n G K 
and for all g G G we have g(x) = \im n g(x n ). The field K is dense in 
^ (under the product of the topologies of K p ) , the units U C K p are 
products of the units in U p C K p and E embeds diagonally to E C U. 
We denote by l p the natural map & — > K p and identify a G K with its 
image in ^. The one - units are defined naturally as the product 
[/« = U P eP U p \ with = {x e U p : x -I E M p } and M p the 
maximal ideal of U p . Let M/K be the product of all Z p - extensions 
and A = Gal (M/K). The global Artin symbol is an homomorphism 
(p : U^ 1 ' — ► A of Z, P [G] - modules and there is an exact sequence 

(1) 1 -> E -> U {1) -> A -> 1. 

We let [/' = {x G : N K/Q (x) = 1}; then E C U' by definition. 
Therefore U w /U' = U {1) nQ„ = t/ (1) (Q P ) is a quotient which is fixed 

by G. It is known that £/W = Q P [G], so A is a quasi-cyclic Z P [G] 
(see also 0). Since Koo/K) is a Z p - extension whose galois group 
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is a quotient of A, invariant under G; but A being Z P [G] - cyclic, it 
follows that this quotient is unique up to quasi-isomorphism. We let 
A' = Gal (M/Kqo); we then have the additional exact sequence 

(2) 1 ^E^ U' -»• A' -»• 1. 

We refer to [8], §§2.1, 2.2 and 3.1 for more details on Minkowski 
units, idempotents of non commutative group rings and the associated 
annihilators, supports and components of Z P [G] - modules. We also 
refer to §2.3 for the description of a choice of the base field K, which 
contains the p K — th roots of unity and has some pleasant properties, 
such as the fact that the p - ranks of all A - modules of finite rank 
are stationary, all ideals that capitulate have order bounded by p K and 
v p (\G\) < k. In the same section we describe Weierstrass modules - 
which are Z p - torsion free, infinite A - modules of finite p - rank - and 
prove the fundamental formula 

ord(a n ) = p n + l + z ^) Vn > 0, 

which characterizes the orders of a = (a n ) n£ ^ G W C A, when W is 
Weierstrass. Here Z 3 z(a) < k is a constant depending on a but not 
on a n . We use the notation q(x) = x pK for x in an abelian group; the 
choice of q is such that s(A) is a Weierstrass module and for a G A, the 
finite p - torsion part of A, we have <j(a) = 1. We write H, Q for the 
maximal p - abelian, unramified, respectively p - ramified extensions 
of Kqo. If F/Kqo is any extensions and Fq = Gal (F/Kqo) is the Z p 

- torsion of its galois group, we write F = F F °: an extension which is 
either trivial or has a Weierstrass - module as galois group; this group 
may still be a free A - module. 

The conjecture of Leopoldt says that 

Zp-rk(E) = Z-rk(E). 

Let S e E be a Minkowski unit with 8 = 1 mod p 2 . Then the p - adic 
logarithms of 5 g exist in all completions K p and for all g G G. If A C K p 
is a multiplicative group, we write the action of G exponentially, so 
a 9 = g(a). If G is not commutative and g, h G G we have 

(3) a 9h = (a 9 ) h = hog(a), 

and the definition of a contravariant multiplication G x G — > G with 
g ■ h = ho g makes A into a right Z p [G] - module, and likewise for Z[G] 

- modules. In particular, U, E and are Z P [G] - modules and Minkowski 
units generate submodules of maximal Z p - rank: since K is dense in 
K p , it follows that Z p -rk(F) = Z p -rk(c^ G l). With this structure we 
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also define 

S T = {xe Z[G] : 5 X = 1}, Sj = {xe Z P [G] : 6 X = 1}, 

the Z - and Z p annihilators of 5. Then Leopoldt's conjecture is also 
equivalent to 

(4) 6j = 5 T ® z Z p . 

In the context of this conjecture we are interested in ranks and not 
in torsion of modules over rings. It it thus a useful simplification to 
tensor these modules with fields, so we introduce the following 

Definition 1. Let G be a finite group and A,B oZ, respectively a Z p 
- module, which are torsion free. Let a G A,b G B . We denote 

A = A® Z Q, a = a ® 1, 

B = B® Zp Q p , 6 = a®l, 

Note that Z-rk(A) = Q-rk(A) andZ p -rk(B) = Q p -rk(B). We shall sim- 
ply write rank (X) for the rank of a module when the ring of definition 
is clear (being one ofZ,Z p or Q,Q p .) 

For instance, E = E ®z p Qp- The definition of E is not important 
for absolute extensions, but relevant in relative extensions L/K, when 
N L/K (£(L)) C E(K). 

We start with the case of an absolute extension K/Q, as introduced 
above. Let r = r 1 +r 2 — 1 = Z-rk(E) and H = {g\, g 2 , ■ ■ ■ , g r } C 
be a maximal set of automorphisms, such that 5 9i are Z - independent. 
In particular, there is a Z - linear map e : Z[G] — > Z[H] such that 

(5) 5 a = 5 e{a) 

for each a G G. The map is the identity on H and extends to G due 
to the Minkowski property, which implies that 5 Z W — ^ z t G ]. 
We have the following consequence of Theorem [2] 

Lemma 1. Let the notations be like above and HI — Q' D Z p be the 
integers in the algebraic closure Q' C Q p of Q. Then 

5j n Z'[G] = 5 T . 

In particular, if Si = aZ p [G] with a G Z'[G], then Leopoldt's conjecture 
holds for K. 

Proof. Let p G P be fixed and <5 T = i p (5 T ); then 5 T G Z'. Since 
{5 T : t G if} are Z - independent, {<5 r : r G if} are a fortiori Z - 
independent. Indeed, if t G Z[if] was a linear dependence for 5 r , such 
that t p (5 t ) = 1, then d = 5 l G E verifies t p (d) = 1. But in the diagonal 
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embedding of E, a projection is 1 if and only if the unit itself is 1, thus 
d — 1: a contradiction of the independence of 5 T , r £ H. 

Let O G 5 P T n Z'[G]; in view of ©, = e(0 o ) e <5 J H Z'[#] is also 
an annihilator. Let = ^2 Tt =H c r T J c t £ Z'. We show that Theorem [2] 
implies = 0, so O £ e^O) C Z[G] for all O £ 5 T n Z'[G], which is 
the claim. 

We have i p (S ) = YIteh K t = 1 e an d taking the p - adic 
logarithm we find the vanishing linear form in logarithms 

^c T log p (5 T ) = 0. 

Since c T , 5 T £ Z' and {<5 r : r £ if} are Z - independent, the Theorem 
of Baker and Brumer implies that = 0. 

Consequently, if 5j = 6qL p [G] and 0o £ Z'[G], then the proof above 
shows that O £ Z[G], which implies @ and confirms Leopoldt's con- 
jecture. □ 

The following definition brings relative annihilators into focus. 

Definition 2. Let L D I an extension of number fields with the 
following properties: 

1. L/Q zs a galois extension with group G and H = Gal (L/K). 

2. Lei the relative annihilator of e £ -E(L) fre defined by 

el /K = {x £ : 1? £ E(K)}, 

e L/K = e L/K n Z p [ff]. 

TTien for any global Minkowski unit 5 £ E(L) we have 

5l /K = N h/K -Q p [H]. 

If points 1. and 2. hold for L/K, we say that L/K zs relative Leopoldt 
extension, or rL - extension. If in addition L is real, then the extension 
is a real relative Leopoldt, or RL. 

Remark 1. Bruno Angles observed in connection with earlier attempts 
to use Baker theory, that these attempts suggest an approach using 
relative extensions, maybe even a relative Leopoldt conjecture, stating 
that i/L/K is RL and Leopoldt's conjecture holds for K, then it holds 
for L. The use of relative annihilators leads to a proof of statement 
A. in Theorem^ However the relative conjecture encouters a severe 
obstruction due to the fact that Baker theory only allows statements on 
the relative annihilator in Q P [H], but the relative conjecture requires 
annihilators in Q p [G] . 
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We consider next the case of relative abelian extensions: 

Lemma 2. Abelian extensions L/K with L/Q galois are relative Leopoldt 
extensions. Furthermore, z/L/K is galois such that L p /K p is abelian 
for all prime ideals p G P , then L p /K p is a local relative Leopoldt 
extension with respect to tp(e) for all Minkowski units e G E(h). 

Proof. Let H = Gal (L/K) be abelian; the extension L/K arises from 
a succession of cyclic extensions of prime degree, so it suffices to assume 
this case. Let H = (a) with \H\ — [L : K] = q, for a prime q which 
is not necessarily different from p. The group Q P [-£T] decomposes as 
Q P [H] = etQplH] © (1 - ei)Qp[#], where e x is the idempotent ^, with 

N = Nl/k • Suppose thus that 5^ K = (ae\ + be x )Q p [H], where e x is 
a (non trivial) sum of central idempotents for the augmentation part 
QpIA/k] and a, b G {0, 1}. We shall show that a = 1 and 6 = 0. 
From the definition of we nave 

fiae 1+ be 2 = N fya . fibe 2 £ E(K). 

Since iV(5) G E(K), we also have d := 5 be2 e E(K). The group i7 is 
cyclic and e^ is in the augmentation, so e^N = 0. Taking the norm in 
the definition of d and using the fact that d a = d and thus N(d) = d q , 
we find that 

$be 2 N = ( p = §be 2 q = L 

But C2q G 1i p [H] and thus <5 &e29 = 1: starting from a relative relation 
we deduced an absolute annihilator of 5 which is algebraic. We may 
apply the Lemma (TJ concluding that e 2 = 0, since by hypothesis there 
is no rational dependence for 5 in the augmentation. This completes 
the proof. □ 

As a consequence, we have 

Lemma 3. Solvable extensions L/K with L/Q real and galois are RL 
- extensions. 

Proof. Since H is solvable, there is a chain of intermediate extensions 
K = K C Ki C K 2 C . . . C K r = L such that K i+ i/K; is abelian for 
i — 0, 1, . . . , r — 1 and L/Kj is solvable for all i. The Lemma [2] holds 
for all Ki+i/Ki. Let N { = EaeGai^WKO a ! then N = N o ° ^i o . . . o 
N r -x- The claim follows by induction and we illustrate this for the case 
r = 2, so Gal (L/K x ) = ifi, Gal (Ki/K) = H and H = H k H x . 
Furthermore, Q P [H] = Q p [Hq] ix Q p [i?i] where the semidirect product 
a x ai, with a, G Q p [Hi],i = 0, 1 is defined term-wise; N = N \x Ni 
follows from this definition. 
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We know from the lemma that = -^iQp[-^i] an d letting #i = 

Ni(5) G Ki, the same lemma yields 5i Ki /k = NoQ p [Ho]. It follows 

that 5 /K C sZ./k x ^iQ P [^i] = N Q P [H ] x iViQ p [^i] = iVQ p [#]. 
This way we may prove inductively that L/K, is RL for i = r — 2, r — 
3,...,0. □ 

The last lemma leads to: 

Corollary 1. Point A. in Theorem^ is true. 

Proof. Suppose that L/Q is a real extension with solvable group H. If 
5 G E(h) is a Minkowski unit, then Lemma [3] implies that its relative 
annihilator = Nl/qQp[-H]- Since the base field is Q, the relative 

annihilator is equal to the absolute one and it follows that Z p -rk(£ l ) = 
Z-rk(-E) and Leopoldt's conjecture is true. 

The restriction that L be real is not important. If L is complex, with 
solvable group, then < j >= Gal (L/L + ) C H is a normal subgroup, 
so K + /Q is galois, and Leopoldt's conjecture holds in this case too. □ 

We are prepared to prove 

Theorem 3. Let K/Q be a totally real extension with group G and 
M/K be the product of all Z p extensions o/K, the cyclotomic 7L V 
- extension o/K and M/K^ be the maximal p - abelian p - unramified 
extension. Then HI D M = IK^ . 

Proof. We adopt a class field theoretic approach for our proof. Let K 
be like in the hypothesis and (K n ) ng N be the intermediate fields of its 
cyclotomic 7L p - extension. We assume that IK is such that the Leopoldt 
defect D(K n ) = T>(K) is constant for all n > and let L = K[£ p ]. 

Firstly, we note that we can exclude the case that M/Kqo contains 
subextensions which split the primes above p: this follows by using the 
Iwasawa skew symmetric pairing and was proved in [8], Theorem 3 of 
§3.3. It remains that M C Q E and Gal (M/K^) <-> B, where B C A 
is the submodule generated by classes containing ramified primes above 
p, as defined in [S]. 

Let E n = E(K n ) and U' n = U' n (K n ); we define = \J n U' n and 
Eoo = U n i? n . Then it is known that U'^jE^ is a torsion A - module 
and thus, by choice of <j, we obtain a Weierstrass module ^(U'^/Eoo); 
since K is totally real, by reflection we see that 

WjE^y^A-m. 

Let X 1 ; = {x e X n : N Kn , K (x) = l,n > k} for X G {U' n ,E n }. We 
let W n = s(K/E" n ) and W = ^U'^/E'^). Then W is a Weierstrass 
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module and we denote by F its characteristic polynomial. Since the T 
- part of W is trivial, T { F(T). The Leopoldt defect is stationarity, so 
E" = (U") + . Applying F annihilates the diverging part in W n and we 
obtain: 

(6) [((UX) F(T) ■ (K') F(T) ] < M, 

for a fixed upper bound M. In particular, since (T,F(T)) = 1, there 
is a fixed m > K, depending on F(T) and \G\, such that for all n > 
we have 

(7) {{U'n) + ) pm C E% ■ Uf. 

Note that E^ n f/" T = #; /T ; indeed, let e G E£ n C/; /T By Hilbert 90 
and the choice of e, there are a u> G K* and £ G with e = w T = £ T , 
and it follows that w = wo ■ £ for some wo G U(K). The ideal (w) 
is ambig above K; since p K annihilates the class group Aq, we have 
(w pK ) = (vr • 7), with 7 G K, (j,p) = 1 and n a product of ideals above 
p. There is a unit t\ G E n such that t\^^ = w pK = (w ^) pK and since £ 
is a local unit, it follows that ti\wq or 7r = 1; moreover, (7T7) T = r y T = 1. 
It remains that e pK = w TpK = ej , so e G E^DE". Finally we show that 
we may choose e% G E". From (£/ei) T = 1 we have ei = c£, c G K and 
-/Vn,o(ei) = c p ™ K , so c G -E(K); the unit ■— e\/ c & E'^ verifies = e, 
which confirms this claim. 

In particular, for sufficiently large n, we have 

(8) p-^(e:/(e"C -(c/f n<))) = P-rk (KV^'f ,T) ) 

= r 2 - 1. 

Assume that B is infinite, and let a T G Q P [G] be its canonic annihi- 
late^. We shall write Z p -rk(?(B)) = P(K): this is the case for the 
totally real extensions IK which split the primes above p, as we show 
in the corollary below; note however that the claim of this proposition 
is more general and holds independently of this assumption. It does 
follow from the general case of Leopoldt's conjecture too. 

We shall use fl?D and (jHJ) for proving that V(K) = 0. The core 
observation is that, if P(K) > 0, then there is a defect emerging in the 
Z - rank of E", which raises a contradiction to (jHJ). 

For p G P, we let p n G A n be the primes above p and a n = [p n ] G 
A n be their classes, with diverging orders ord(a n ) = p n + 1 + z ( a )_ if an 
approximates \G\at to the power p ra + K+1 ; say, then there is a v n G K n 
such that (z/ n ) = p pK - a " and i£ = e G Since z/i G|(1_an) G (K^) p ", 
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it follows that the unit eo is annihilated in E'^/E"^ ,p ' by |G|(1 — a n ). 
We shall show that p-rk (e"J ' E" T n ^ = r 2 - 1 - £>(K), so © implies 
V(K) = 0. 7 

Let B C B T be an irreducible elementary module with £> = j3 G 
Q P [G], an idempotent dividing a, and let (3 n be rational approximants 
of |G| • /3. Suppose that there is a unit e G -E" with e^ n G z/„ , since 
N n {e) = 1, it follows from [8], Lemma 16, that <j(e) = 7r T for some p - 
unit 7r, so there is a # G Z[G], with (it) = p e n . We may write 

\G\6 = ca n + 6(1 - a n ) modp n Z[G]; c,6Gp K Z[G], 

and claim that 6 = modulo a large power of p. Upon multiplication 
with |G|(1 — OL n ) we obtain a unit e\ = e' G ^ 1_a "^ = ttJ with (rti) = 
^b\G\(i-a n )+o(p )^ j(j en ^j^y requires that the ideal p^ G ^ 1_Qn - ) be 

principal and since a is the minimal annihilator of a, for large n, this 
implies 6 = mod p n ~( m + K ) ) which was our claim on 6. It follows that 
fa G a n Z[G) +p n - ( - m+ ^Z{G}. But then, for m' = 2(m + /c) and n > m', 

the quotient (E'^/((E'^ T ■ (E'y"~ m ') has p - rank r 2 - 1 - £>(K) and 
(jB|) implies D(K) = 0, which completes this proof. □ 

As a consequence, 

Corollary 2. Point B. in Theorem^ is true. 

Proof. Assume that K/Q is totally real and splits p completely and 
let p G P be any prime above p. Then K p = Q p and M p /Kp is in 
the product of the two Z p - extensions of Q p : the unramified and the 
cyclotomic. Consequently M/Kqo must be unramified at p. This holds 
for all primes above p, so M/Kqo is totally unramified. However, by 
Theorem [3] we know that M D H = Koo , so we must have M = K^ and 
the Leopoldt conjecture holds in this case. 

The same argument was used by Greenberg in [I] for showing that 
A may take arbitrarily large values in abelian extenions K/Q. □ 

Remark 2. It has been believed for a longer time that the two extreme 
cases treated by Theorem^ are the easire one for Lepoldt's conjecture, 
so this short proof only confirms this general belief. The general proof, 
given in [S] , requires deeper class field theory. 

The obstruction encountered, when trying to generalize the results of 
this paper is the following: let K/Q have group G and p G P. The facts 
proven on relative annihilators imply quite easily that l p {E ■ Q p = K p . 
Let A p C A = Gal (M/K); Leopoldt' s conjecture would follow from 
Theorem 0, if we can prove that 

Ap = UU/l p (E), 
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which may appear as a 'reasonable' localization of (dp. It needs how- 
ever not be true and all we can say is the following: if D C G is the 
decomposition group of p, 5 = £ a and a = J2 T ec CrT w ^ Cr e Qpt-^] 
and C = G/D, then ]>] TgC c T e N Mp/Kp . 
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